A note on the domination dot-critical graphs  by Chen, Xue-gang & Shiu, Wai Chee
Discrete Applied Mathematics 157 (2009) 3743–3745
Contents lists available at ScienceDirect
Discrete Applied Mathematics
journal homepage: www.elsevier.com/locate/dam
Note
A note on the domination dot-critical graphsI
Xue-gang Chen a,∗, Wai Chee Shiu b
a Department of Mathematics, North China Electric Power University, Beijing 102206, China
b Department of Mathematics, Hong Kong Baptist University, 224 Waterloo Road, Kowloon Tong, Hong Kong, China
a r t i c l e i n f o
Article history:
Received 21 April 2009
Received in revised form 30 June 2009
Accepted 3 July 2009
Available online 20 August 2009
Keywords:
Domination dot-critical
Domination number
Complete bipartite graph
a b s t r a c t
A graph G is dot-critical if contracting any edge decreases the domination number. Nader
Jafari Rad (2009) [3] posed the problem: Is it true that a connected k-dot-critical graph G
with G′ = ∅ is 2-connected? In this note, we give a family of 1-connected 2k-dot-critical
graph with G′ = ∅ and show that this problem has a negative answer.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Let G = (V , E) be a simple graph of order n. The degree, neighborhood and closed neighborhood of a vertex v in the
graph G are denoted by d(v), N(v) and N[v] = N(v) ∪ {v}, respectively. The minimum degree and maximum degree of the
graph G are denoted by δ(G) and∆(G), respectively. The graph induced by S ⊆ V is denoted by G[S]. Let E(S, V − S) denote
the set of edges between S and V − S.
A graph G is a bipartite graph with vertex classes V1 and V2 if V (G) = V1 ∪ V2, V1 ∩ V2 = ∅ and every edge joins a vertex of
V1 to a vertex of V2. One also says that G has bipartition (V1, V2). Let |V1| = n1 and |V2| = n2. If G contains all edges joining
vertices in distinct classes, G is a complete bipartite graph and is denoted by Kn1,n2 .
A set S of vertices is a dominating set if N[S] = V (G). The domination number of a graph G, denoted γ (G), is the minimum
cardinality of a dominating set in G. A vertex v of a graph G is a critical vertex if γ (G− v) < γ (G).
For a pair of vertices v, u of a graph G, we denote as G.(vu) the graph obtained by identifying v and u, and (vu) denotes
the identified vertex.
Burton and Sumner [1] introduced a new critical condition for the domination number. A graph G is called domination
dot-critical, or simply dot-critical, if contracting any edge decreases the domination number, i.e., γ (G.(vu)) < γ (G), for any
two adjacent vertices v and u. If e = vu, let G.e denote the graph G.(vu). If G is dot-critical and γ (G) = k, then G is called
k-dot-critical.
Let G′ be the set of critical vertices of G. In [1], it is proved that a connected 3-dot-critical graph G with G′ = ∅ has a
diameter of at most 3. Chengye et al. [2] proved that a connected 4-dot-critical graph G with G′ = ∅ has a diameter of at
most 5.
Nader Jafari Rad [3] continued to study the diameter of a domination dot-critical graph. He gave the following results:
(1) A connected 5-dot-critical graph Gwith G′ = ∅ has a diameter of at most 7.
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(2) A connected k-dot-critical graph Gwith G′ = ∅ has a diameter of at most 3k− 9 for k ≥ 6.
(3) A 2-connected k-dot-critical graph Gwith G′ = ∅ has a diameter of at most 2k− 3 for k ≥ 7.
Furthermore, he posed the following open question.
Question 1 ([3]). Is it true that a connected k-dot-critical graph G with G′ = ∅ is 2-connected ?
In this paper, we give a family of 1-connected 2k-dot-critical graph with G′ = ∅.
2. Main results
For i = 1, 2, . . . , k, let Gi = Kmi,ni with mi, ni ≥ 3, and let Ai and Bi denote the two vertex classes of Gi. Let P2k =
v1u1v2u2 · · · vkuk. Let G be obtained from disjoint union of G1,G2, . . . ,Gk and P2k by adding edges from vi to each vertex of Ai
and adding edges from ui to each vertex of Bi for i = 1, 2, . . . , k. The graphGwith k = 3 andm1 = n1 = m2 = n2 = m3 = n3
is illustrated by the following figure.
Lemma 1. γ (G) = 2k.
Proof. Since {vi, ui|i = 1, 2, . . . , k} is a dominating set of G, it follows that γ (G) ≤ 2k. Let G′i = G[V (Gi) ∪ {vi, ui}] for
i = 1, 2, . . . , k. Let S be a γ -set of G. We discuss it from the following cases.
Case 1. S ∩ {vi, ui} = ∅. Since γ (Gi) = 2, it follows that |S ∩ V (G′i)| = 2.
Case 2. |S ∩ {vi, ui}| = 1. Say vi ∈ S and ui 6∈ S. Letw ∈ Bi. Since S is a dominating set of G, it follows that N[w] ∩ S 6= ∅.
So, |S ∩ V (G′i)| ≥ 2.
Case 3. |S ∩ {vi, ui}| = 2. Then |S ∩ V (G′i)| ≥ 2.
By Cases 1− 3, |S ∩ V (G′i)| ≥ 2 for i = 1, 2, . . . , k. So, γ (G) = |S| =
∑k
i=1 |S ∩ V (G′i)| ≥ 2k. Hence, γ (G) = 2k. 
Lemma 2. G is a connected dot-critical graph.
Proof. For any edge e ∈ E(G), we discuss it from the following cases.
Case 1. e ∈ E(P2k). it is obvious that γ (G.e) ≤ 2k− 1 < γ (G).
Case 2. e ∈ E[V (P2k), V (G) − V (P2k)]. Say e = viw, where w ∈ Ai. Then V (P2k) − {ui} is a dominating set of G.e. So
γ (G.e) ≤ 2k− 1 < γ (G).
Case 3. e ∈ E(Gi) for i = 1, 2, . . . , k. Say e = vu. Then (V (P2k) − {ui, vi}) ∪ {(vu)} is a dominating set of G.e. So
γ (G.e) ≤ 2k− 1 < γ (G).
By Cases 1− 3, γ (G.e) < γ (G) for any edge e ∈ E(G). Hence, G is a connected dot-critical graph. 
Lemma 3. G′ = ∅.
Proof. For any v ∈ V (G), we discuss it from the following cases.
Case 1. v ∈ V (Gi). By a similar way as the proof of Lemma 1, it is easy to prove that γ (G− v) = 2k. So, γ (G− v) = γ (G)
and v is not a critical vertex.
Case 2. v ∈ {vi, uj|i = 2, 3, . . . , k, j = 1, 2, . . . , k − 1}. Say v = vi for i ≥ 2. Let F1 denote the component of G − vi
containing v1, and let F2 = G[V (G)− V (F1)− {vi}].
By Lemma 1, γ (F1) = 2(i − 1). Let S2 be a γ -set of F2. By a similar way as the proof of Lemma 1, |S2 ∩ V (G′j)| ≥ 2 for
j = i + 1, . . . , k. Suppose that ui 6∈ S2. Since γ (Gi) = 2, it follows that |S2 ∩ (V (G′i) − {vi})| ≥ 2. Suppose that ui ∈ S2.
Let w ∈ Ai. Since S2 is a dominating set of F2, it follows that |N[w] ∩ S2| ≥ 1. So |S2 ∩ (V (G′i) − {vi})| ≥ 2. Hence,
γ (F2) ≥ 2(k − i + 1). So, γ (G − vi) = γ (F1) + γ (F1) ≥ 2k = γ (G). Let t ∈ Bi. Then (V (P2k) − {vi}) ∪ {t} is a dominating
set of G− vi. So, γ (G− vi) ≤ 2k. Hence, γ (G− vi) = 2k. So, γ (G− v) = γ (G) and v is not a critical vertex.
Case 3. v = v1 or v = uk. Say v = v1. Then G − v1 = F2. By a similar way as above, γ (G − v1) = γ (G). So v1 is not a
critical vertex.
By Cases 1–3, for any v ∈ V (G), v is not a critical vertex. Hence, G′ = ∅. 
Theorem 1. G is a 1-connected 2k-dot-critical graph with G′ = ∅.
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